Recently Seiberg and Witten have proposed that noncommutative gauge theories realized as effective theories on D-brane are equivalent to some ordinary gauge theories. This proposal has been proved, however, only for the Dirac-Born-Infeld action in the approximation of neglecting all derivative terms. In this paper we explicitly construct general forms of the 2n-derivative terms which satisfy this equivalence under their assumption in the approximation of neglecting (2n+2)-derivative terms. We also prove that the D-brane action computed in the superstring theory is consistent with the equivalence neglecting the fourth and higher order derivative terms. *
Introduction
Recently it has been realized that the noncommutative geometry has played a profound role in a specific compactification of the Matrix theory [1] and also in superstring theory via D-branes with constant B fields [2] - [6] . From deeper investigation of the noncommutative gauge theory via D-branes, Seiberg and Witten have proposed that the noncommutative gauge theories realized as effective theories on D-branes are equivalent to some ordinary gauge theories [7] . In a single D-brane case, it has been known that the effective action on the brane is Dirac-Born-Infeld action if all derivative terms are neglected [8] - [10] . Thus the Dirac-Born-Infeld action should be consistent with the equivalence in this approximation.
Indeed this has been shown in [7] .
It is a very natural question whether the equivalence indeed holds beyond the approximation of neglecting all derivative terms, or not. If it holds without the approximation, the forms of derivative corrections have to be highly restricted. Moreover when this equivalence is strong enough, we can determine the effective action completely from it with the help of other requirements and study the dynamics of the D-branes using the action.
In this paper, we show that in the approximation of neglecting the fourth and higher order derivative terms the D-brane action computed in the superstring theory is consistent with the equivalence. Although, this is the Dirac-Born-Infeld action without twoderivative corrections, to show the equivalence we should take into account the orderings of the noncommutative field strength in the Dirac-Born-Infeld action. By taking appropriate ordering it becomes consistent and this is regarded as a non-trivial test of the equivalence.
With the mapping of the ordinary gauge field to noncommutative gauge field given in [7] , we also explicitly construct general forms of the two-derivative corrections which satisfy the equivalence relation in the approximation of neglecting the four-derivative terms. Furthermore, we can construct the 2n-derivative corrections which are consistent with the equivalence in the approximation of neglecting the (2n + 2)-derivative terms. It should be emphasized that the results obtained in this paper are valid for arbitrary order of the field strength. † † In this paper, we regard F ij ∼ O(∂ 0 ) and
On the other hand, in [11] it has been shown that for the bosonic string case the known two-derivative correction [12, 13] is not consistent with the equivalence. ‡ This problem can be resolved by considering B-dependent field redefinition of the U(1) gauge field [14] .
Therefore in order to constrain the effective action for the bosonic string case, we should include the B-dependent field redefinition. However two-derivative corrections allowed by the equivalence without the B-dependent field redefinition may also be allowed by the equivalence with it [14] . Furthermore, the higher derivative corrections may capture some general structures of the effective action of the D-brane. Therefore the derivative corrections obtained in this paper are probably important.
This paper is organized as follows. In section 2, we briefly review the equivalence between noncommutative and ordinary gauge theories shown in [7] . In section 3 it is shown that the certain noncommutative version of the DBI actions without two-derivative corrections are consistent with the equivalence in the approximation of neglecting the four-derivative terms. We also construct the consistent two-derivative corrections in this approximation. In section 4 we argue that the two-derivative corrections obtained in section 3 exhaust the consistent two-derivative corrections and also generalize these to the 2n-derivative corrections. Finally section 5 is devoted to conclusion.
Noncommutative Gauge Theory
In this section we briefly review the equivalence between noncommutative and ordinary gauge theories shown in [7] . We consider open strings in flat space, with metric g ij , in the presence of a constant B ij and with a Dp-brane. Here we assume that B ij has rank p + 1 and B ij = 0 only for i, j = 1, . . . , p + 1. The world-sheet action is
where Σ is the string world-sheet, ∂ τ is the tangential derivative along the world-sheet boundary ∂Σ and A i is a background gauge field. In the case that Σ is the upper half plane parameterized by −∞ ≤ τ ≤ ∞ and 0 ≤ σ ≤ ∞, the propagator evaluated at ‡ In [11] the consistent two-derivative corrections up to the quartic order of the field strength have been considered. As we will see later, the result obtained in this paper reproduce these corrections .
boundary points is [8] - [10] 
where G and θ are the symmetric and antisymmetric tensors defined by
From considerations of the string S-matrix, the B dependence of the effective action for fixed G can be obtained by replacing ordinary multiplication in the effective action for B = 0 by the * product defined by the formula
It is likely that the gauge transformation also becomes noncommutative. In fact, using the point splitting regularization, S is invariant under noncommutative gauge transformation
where covariant derivativeD i is defined aŝ
Conversely, using Pauli-Villars regularization, S is invariant under ordinary gauge
Therefore, the effective Lagrangian obtained in this way becomes ordinary gauge theory. 
In [15] this map has been derived in a path integral form from D-brane world-volume perspective [16, 17] . §
In the approximation of neglecting the derivative terms, the effective Lagrangian is the Dirac-Born-Infeld Lagrangian
where
Here g s is the closed string coupling and the normalization of the Lagrangian is same as the one taken in [7] . Therefore the equivalent noncommutative gauge theory in the approximation has the following Lagrangian
Note that all the multiplication entering the r.h.s of (2.11) can be regarded as the ordinary multiplication except those in the definition ofF because of the approximation. From the requirement L DBI =L DBI for F = 0, the overall normalization G s should be fixed as
Furthermore, in [7] it has been proposed that the effective action can be written for arbitrary values of θ. More precisely for given physical parameters g s , g ij and B ij and an auxiliary parameter θ, we define G s , G ij and a two form Φ ij as
Then the effective actionŜ(G s , G, Φ, θ;F ), in which the multiplication is the θ-dependent * product, is actually θ-independent, i.e.Ŝ(G s , G, Φ, θ;F ) = S(g s , g, B, θ = 0; F ). The effective action including Φ may be obtained using a regularization which interpolates § Although the differential equation has ambiguities [18] , these ambiguities have no physical meaning because they correspond to the field redefinition.
between Pauli-Villars and point splitting as in [19] . In this paper, we simply assume this proposal.
In the approximation of neglecting the derivative of F , the equation
where the multiplication is the * product except in the definition ofF . Below for simplicity
we set 2πα ′ = 1. The variation of G s , G and Φ are 15) and the variation ofF is
Following [7] , we get
where the multiplication is the ordinary one except inF andD l . Now using 18) we see that
is a total derivative. Thus we obtain the desired result
Note that the computation above shows that the Dirac-Born-Infeld Lagrangian (2.14) is θ-independent even in the approximation of neglecting O(∂ 4 ) terms.
Two-derivative terms
In this section, we will see that certain noncommutative Dirac-Born-Infeld actions are consistent with the equivalence in the approximation of neglecting four-derivative terms.
We also give certain two-derivative corrections consistent with the equivalence in the approximation of neglecting O(∂ 4 ) terms.
Because the multiplication in the Dirac-Born-Infeld Lagrangian L Φ should be replaced by the * product in the approximation, we first consider the ordering of theF ij in the Dirac-Born-Infeld Lagrangian in which the multiplication is the * product. This Lagrangian is relevant in the approximation O(∂ 4 ) and denoted asL Φ .
It seems that there are two natural ways of ordering. The first one is symmetrization of the (F + Φ) ij inL Φ , as in the non-Abelian Dirac-Born-Infeld Lagrangian considered in [21] . The another one is as follows. First we expand the square root of determinant using
Next keeping the order of (F + Φ) ij in U 2n indicated by the symbol Tr, we symmetrize the polynomials of U 2n 's. Then replacing all the multiplication by * product, we obtain theL Φ from the L Φ .
To take the either one of these, we will shoŵ
To show this, we first remember the fact f * g + g * f = 2f g + O(∂ 4 ). Thus taking the first way of ordering, we easily see that (3.1) is satisfied since (F + Φ) ij is symmetrized.
If we take the second way, using
we can also show (3.1). Note that if we take the other way of ordering, (3.1) is not necessarily satisfied.
From (2.20) and (3.1), we conclude that the noncommutative Dirac-Born-Infeld Lagrangian with one of these orderings,L Φ , satisfies the desired equation
Therefore this Lagrangian without two derivative corrections is allowed by the equivalence in the approximation of neglecting O(∂ 4 ), but keeping an arbitrary order ofF . This result is consistent with the calculations of the effective action for the superstring case [12] because in this case there are no two-derivative terms in the effective action.
For the bosonic case, it has been known [11] that the known two-derivative corrections derived from the string four-point amplitude [12] and the β function in the open string σ model [13] is not consistent with the equivalence with (2.8). However it can be shown [14] that if the mapping of A toÂ (2.8) is modified by some field redefinition containing θ, F and Φ, the equivalence is consistent with the result in [12] and [13] .
Although this modification should be applied for the bosonic case, we will consider the two-derivative corrections which are consistent with the equivalence using (2.8) in the rest of this section. This is because these corrections can be added consistently in the approximation even if we modify (2.8) and may capture some general structures of the effective action of the D-brane. We will also consider the 2m-derivative corrections which are consistent with the equivalence using (2.8) in the approximation of neglecting (2m + 2)-derivative terms in the next section. For the superstring case, it is possible that (2.8) is valid even if we do not neglect the higher-derivative terms. Hence it is important that the determination of these corrections.
Then we will show below that the two-derivative term
satisfies
and a 1 and a 2 are some constants. Here it is not required to consider the ordering problem of (3.4) because the condition (3.5) means that the term is consistent with the equivalence in the approximation of neglecting O(∂ 4 ). How these terms are derived is explained in the next section.
If we define a differential operator
the differential ofL 2 is written as
where the first term of the r.h.s of (3.8) is a total derivative. Hence we consider the variations of h S andDF under δ +δ.
it obeys
Remembering that [δ, ∂ m ] = 0 and thatD explicitly depends on θ through * product, we see that the commutation relation betweenD and δ is
where E is an arbitrary function. The computation of the commutation relation between D andδ can be carried out straightforwardly
After some calculations using (3.11) and (3.12), we can find a simple result
and then we obtain
This and (3.10) imply that (δ +δ)L 2 = 0. Thus we conclude that δL 2 = total derivative + O(∂ 6 ). However O(∂ 4 ) terms may exist if the ordinary multiplication in (3.4) is replaced by * product. Thus only (3.5) is meaningful because we have not considered the ordering problems of (3.4).
Now we discuss the expansion about F of two-derivative corrections of the effective Lagrangian (3.4) with B = Φ = θ = 0 and g ij = δ ij . In this commutative description, the
Therefore after some computations, we obtain
where the ellipsis represent total derivative terms and O(F 4 ∂F ∂F ) terms. This is same as the effective Lagrangian obtained in [11] . Thus the result obtained in this paper implies that the one obtained in [11] is consistent even in the arbitrary order of F . It is noted that in [11] only the equivalence without assuming the existence of Φ is required.
General forms of the derivative corrections
In this section, we discuss the other two-derivative corrections which satisfy (3.5) and also the higher derivative corrections.
Requiring the noncommutative gauge invariance and the gauge invariance for the B field, the most general two derivative terms are
where T ijklmn and T ijmn are arbitrary tensors constructed from (
det G and det M. The tensors T should not depend on (M −1 ) pq because it has a singularity at M = 0.
We can easily generalize the invariance problem under δ of two-derivative terms to the one of higher derivative terms. Thus below we will look for the LagrangianL m with m-derivative which satisfies the invariant condition
which is the condition consistent with the equivalence in the approximation of neglecting O(∂ m+2 ). To do this, let us consider a (2n, 0) tensor T p 1 p 2 ···p 2n constructed from G −1 and M. It can be written as
where C {k} is some function of the scalars constructed from M and G and (
We also consider a (0, 2n) tensorĴ p 1 p 2 ···p 2n such that
For given n and m, where m is the number of derivativeD inĴ, there are finite number s of independentĴ p 1 p 2 ···p 2n under the identification using Bianchi identity. We note that the total divergence terms should not be used for the identification. Taking a basis of thesê
, where 1 ≤ i ≤ s, we will study the invariance of
where (T (i) ) is the tensor of the form (4.3) with the coefficients C (i)
{k} . As like the derivation of (3.8), we can show that
However there is a possibility of cancellation between the variations under δ of the terms with different n's. Note that this cancellation can occur only between the variations of the terms with n and n + 1. We will consider this later.
In order to proceed further, we require the invariance ofL m withF = 0 first. From (4.6), we have conditions for the invariance as
It can be shown that δG −1 | G=1 = − (Φδθ + δθΦ) and
where k ≥ 1. Here we have set G = 1 after operating δ for notational simplicity. Therefore to satisfy (4.7), we have to take
where C (i) is some function of the scalars constructed from M and G. We also see that this C (i) should be some constant since δTr((
Now we require the condition (4.7) without takingF = 0. Using (3.10) and (3.14) as in the previous section, one can easily show that the condition (4.7) is satisfied for
} is a basis of the form
Hence this term is allowed by the equivalence in the approximation. In particular, for two-derivative terms, (4.10) is equivalent to (3.4).
The terms containing (D)
NF with N ≥ 2 are other candidates, but they can not satisfy the condition (4.7) generically because there are contributions from (D) NF which can not be canceled by the ones from h S for the variation ofL m under δ as seen from (3.13) with E = (D) N −1F . However, in some cases, these are absent because of the symmetry for the indices. For example, we consider
Remember that 13) where the ellipsis represents the terms which are canceled by the contribution from h S and There are invariant combinations of the terms with different numbers of indices which implies different numbers ofF . To illustrate these, we consider
where C is some constant. In this case, using (4.13) the unnecessary terms are easily computed as
where we neglect the terms which are canceled by the contribution from h S and O(∂ 8 ).
Let us define
Then it can be seen that
As this example, for general terms of the form
we may construct the invariant combinations by adding certain terms likeL . Finally we study the behavior of the derivative corrections at θ = 0 in the zero slope limit of [7] , α ′ ∼ ǫ 1 2 , g ij = ǫδ ij with ǫ → 0. In [7] it has been shown that 21) where the first term is a constant plus a total derivative. We can show that
and
From the dimensional analysis, the constants C (i) and C in (4.10) and (4.20), respectively, are restricted. Indeed, we see that C or C (i) ∼ α ′−(p+1)/2+n S +n A , where n S and n A are the number of the h S and h A in the LagrangiansL, respectively. Thuŝ
where J isĴ (i) orJ withD = ∂ andF = F . This is negligible compared with L DBI if n s > 4. Therefore for the superstring case, the only remaining derivative corrections in the limit are the terms likeL 
Conclusion
We have considered the derivative corrections to the Dirac-Born-Infeld action consistent with the equivalence between the noncommutative gauge theories and the ordinary gauge theory. In particular, we have shown that in the approximation of neglecting the fourth and higher order derivative terms the D-brane action computed in the superstring theory is consistent with the equivalence.
We have also explicitly constructed the general forms of the 2n-derivative corrections which satisfy this equivalence relation in the approximation of neglecting the (2n + 2)-derivative terms. It may capture some general structures of the effective action of the D-brane.
It is interesting to generalize the results obtained in this paper to the effective theories on several D-branes. In this case, we should treat the non-Abelian gauge fields, so that the ordering problems exist even for the ordinary gauge fields which have not been solved yet.
Thus the constraints using the equivalence are expected to be important for determination of the effective action on the several D-branes. 
Note added:
As this article was being completed, we received the preprint [25] which give the derivative corrections for the Dirac-Born-Infeld Lagrangian which is invariant under a simplified version [17, 16] of the Seiberg-Witten map. The two-derivative correction obtained in [25] 
coincides with theL 2 obtained in this paper with a 1 = −1 and a 2 = 0. Note that on the computation of the expansion about F , some terms are omitted in the eq.(4) in [25] .
